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Abstract: Radiofrequency ablation (RFA) is a 

minimally invasive technique used to treat some 

kinds of cancer. Theoretical models can provide 

information about the biophysics of RFA quickly 

and cheaply, but their realism is very important. 

A great influential factor in this realism is the use 

of mathematical functions to model the  

temperature-dependence of tissue thermal (k) and 

electrical (s) conductivities. The aim of this 

work is to review the mathematical functions 

employed to model temperature-dependence of k 

and s in previous RFA computer modeling 

studies and to assess how these different 

functions affect lesion dimension evolution. We 

use a model of RF hepatic ablation in which both 

conductivities are modeled with different 

mathematical functions and compare the lesion 

sizes obtained in every case. We solve 

numerically the problem using COMSOL 

Multiphysics. Results suggest that the different 

functions to model the temperature dependence 

of k and s do not significantly affect the 

computed lesion diameter.  
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1. Introduction 
 

Radiofrequency ablation (RFA) is a minimally 

invasive technique used to treat some kinds of 

cancer [1], [2]. In RFA electrical currents (≈500 

kHz) are employed to heat the target biological 

tissue over 50ºC.  Theoretical modeling is a 

usual method to study the biophysics of RFA. 

However, it is necessary that models are realistic 

to obtain meaningful results. The mathematical 

functions used to model the temperature-

dependence of electrical (s) and thermal (k) 

conductivities are one of the most important 

factors which influence the realism. At the 

literature we found different ways to model this 

dependence. The question was: The use of 

different mathematical functions to model the 

temperature dependence of s and k produce 

great variations in results? Our objective was to 

answer this question. We focused our attention in 

piecewise functions employed for this task. We 

considered 32 cases in which s and k are 

represented with different mathematical 

functions. To achieve our objective we used a 

radiofrequency hepatic model which varied 

depending on the function employed to model s 

and k. We solved the model using COMSOL 

Multiphysics software (COMSOL, Burlington 

MA, USA). We contrasted the results of every 

case using the lesion size as a parameter of 

comparison. 

 

 

2. Functions to model temperature-

dependence of electrical and thermal 

conductivities 
 

We focused our attention in the most usual 

piecewise mathematical functions employed to 

model the temperature dependence of s and k. 

 

2.1 Electrical conductivity, s 

 
Electrical conductivity increases with 

temperature up to 100ºC. After this temperature 

s drops abruptly. The most usual piecewise 

functions we found at the literature [3]-[7] can be 

summarized as follows: 

1) For temperatures below 100ºC, two increase 

rates: 1.5 and 2%/ºC, and two increase types: 

linear and exponential. 

2) For temperatures above 100ºC, two drop 

rates: 2 and 4 orders of magnitude between 

100ºC and 105ºC. 

These combinations of s allowed up to 8 

cases (see Table 1). 

 

 

2.2 Thermal conductivity, k 

 

It is known that thermal conductivity is a  



 

Table 1. Studied cases according to the different 

mathematical functions used to model the temperature 

dependence of electrical (s) conductivity. 

 

T<100ºC T>100ºC 

Linear 

growth 

(%/ºC) 

Exponential 

growth 

(%/ºC) s
 c

a
se

s 

1.5 2 1.5 2 

s 
drops 

rate 2 

orders 

s 
drops 

rate 4 

orders 

1 X       X   

2   X     X   

3     X   X   

4       X X   

5 X         X 

6   X       X 

7     X     X 

8       X   X 

 

 

temperature-dependent parameter. However, we 

have found that in the most of the models k is 

assumed to be constant [6]. In cases in which k is 

described as a mathematical piecewise functions 

can be summarized as follows: 

1) A linear increase rate of 1.5%/ºC for 

temperatures below 100ºC, and a constant 

value for temperatures above 100ºC [5].  

2) A different value before and after water 

vaporization, i.e. a different value for each 

phase, liquid and gas [8]. 

3) A linear drop rate of –1.5%/ºC for 

temperatures below 100ºC, and a constant 

value for temperatures above 100ºC [9]. 

In this work we compared the results of a RFA 

model taking into account these mathematical 

functions and a constant value of k. 

 

 

3. RFA modeling with COMSOL 

Multiphysics 
 

To compare the effect of the different 

combinations of the mathematical functions 

presented in the previous section, we considered 

a theoretical radiofrequency hepatic ablation 

model which consisted of a fragment of hepatic 

tissue and an internally cooled electrode. The 

model was based on a coupled electric-thermal 

problem, which was solved numerically using 

COMSOL Multiphysics software (COMSOL, 

Burlington MA, USA). The problem presented 

axial symmetry and hence a two-dimensional 

analysis was conducted (see Figure 1 to see the 

problem geometry). We chose in the model 

navigator of COMSOL a 2D problem with axial 

symmetry. For the physics we use a Multiphysics 

model with a Conductive Media DC and Bioheat 

Equation (transient analysis) as application 

modes. 

 

Figure 1. Geometry of the model, out of scale. 

Dimensions in mm.  

 

The most of the model parameters were 

inserted in COMSOL using Constants option 

[7,10,11,12]. We used Expressions option for 

inserting the mathematical functions which 

represent s and k. We conducted a set of 32 

simulations including all cases considered in 

sections 2.1 and 2.2 in order to assess the effect 

of s and k. 

The bioheat equation was used as the 

governing equation of the thermal problem. The 

enthalpy method was considered to modify the 

bioheat equation and hence to incorporate the 

phase change [8]. The metabolic heat is 

negligible in this kind of problems. The blood 

perfusion term Qp was obtained from 

 

)( TTcQ bbbbp −= ωρβ              (1) 

                                
where ρb is density of blood [6], cb specific heat 

of blood [3], Tb blood temperature wb blood 

perfusion coefficient [13] and b is a coefficient 

which took the values of 0 and 1, depending on 

the value of the local thermal damage W: b = 0 



 

for Ω ≥ 1, and b = 1 for Ω < 1. The parameter Ω 

was assessed by the Arrhenius damage model 

[13]. We employed the thermal damage contour 

D63 to compute the lesion dimension contour, 

which corresponds to Ω= 1 (63% probability of 

cell death). The heat source from RF power q 

(Joule losses) was given by q=s|E|
2
, where E is 

an electric field which was obtained from the 

electrical problem. The Laplace equation ∇
2
V=0 

was the governing equation for the electric 

problem, V being the voltage. The electric field 

was calculated by means of E = −∇V. We used a 

quasi-static approach, i.e. tissues were 

considered as purely resistive due to the value of 

the frequencies used in RF (≈500 kHz) and for 

the geometric area of interest (electrical power is 

deposited in a very small zone close to the 

electrode).                                
       Thermal boundary conditions were: Null 

thermal flux in the transversal direction to the 

symmetry axis. Constant temperature of 37ºC in 

the dispersive electrode (lower geometry 

contour). Initial temperature of the tissue was 

considered to be 37ºC. The cooling effect 

produced by the liquid circulating inside the 

electrode was modeled using a thermal 

convection coefficient h with a value of 3366 

W/K·m
2
 and a coolant temperature of 10ºC 

following the Newton’s law of cooling.  

Electrical boundary conditions were: Zero 

current density in the transverse direction to the 

symmetry axis and inside the electrode and zero 

voltage in the dispersive electrode.  The delivery 

of the energy followed a pulsed RF protocol 

controlled by the roll-off time, roll-off being the 

time at which tissue impedance is 30 W  higher 

than the initial.  
 

 

 

 

 

This procedure, common in clinical practice, 

is repeated for a period of 6-12 min. The 

simulations lasted for up to 6 minutes and the 

protocol was implemented by means of a 

connection between COMSOL and Matlab 

(MathWorks, Natick, MA, USA).  

The model mesh was heterogeneous, with a 

finer mesh size at the electrode-tissue interface, 

where the highest electrical and thermal 

gradients were expected. All the mesh elements 

used were triangular. In the case of the time-step 

we used an adaptive scheme since we let the 

time-stepping method chose time steps freely.   

 

4. Results 

 

We obtained the lesion size evolution for the 

32 cases considered. More specifically, we are 

interested in the value of the lesion short 

diameter a (transverse diameter). Firstly, we 

compared lesion sizes varying s according to the 

different mathematical functions considered in 

section 2.1 (see Table 1) and k represented 

always with the same function. Figure 2 shows 

the evolution of the lesion short diameter 

throughout 360 s for cases 1 to 4 with k as a 

constant. Dashed lines represent the time in 

which the first roll-off was achieved in each 

case. The maximum difference was 6% between 

cases 1 and 4 at ≈220 s. This difference was only 

3.5% at 6 minutes. The same comparison was 

made for cases 5 to 8 (not shown) and 

differences in the lesion short diameter were 

always smaller. We also obtained the evolution 

of the lesion short diameter for cases 1-8 but 

varying k according the mathematical functions 

considered in section 2.2. Differences are 

negligible between all the cases considered for k.  

 

 

 

 

 

 

 

 

 

 

Figure 2. Evolution of the lesion short diameter (a) throughout 360 s for cases 1 to 4 (see Table 1 for 

details). Dashed lines represent the time in which the first roll-off was achieved in each case. 



 

5. Discussion 
 

We have noticed that differences in lesion 

size between all cases considered for s were 

small (< 6%). However, differences for cases in 

which k varies were still smaller, negligible in 

fact. This finding supports that in RFA modeling 

is usual to use a constant value of k without loss 

of realism.  

One of the limitations of this study is that we 

focused on piecewise mathematical functions as 

they are the most commonly used. However, it 

must be said that other kinds of mathematical 

functions can be used to model these 

characteristics in RFA. Pearce et al. [14] 

considered water as the most thermodynamically 

active tissue constituent and both their 

formulation and the functions used to model 

s and k take into account the tissue water 

content. As regards s, some studies have 

considered a temperature-dependence based on a 

polynomial relation derived from NaCl solutions 

[15,16]. Ji and Brace [17] recently have 

suggested that variations in liver electrical 

conductivity at temperatures near 100ºC are best 

modeled using a sigmoid function for microwave 

thermal ablation.  

Our aim was not to choose the most suitable 

function to represent the temperature-

dependence of s and k, which would need 

additional experimental studies outside the scope 

of this work.  

 

6. Conclusion 

 
In RFA the temperature dependence of s below 

100°C can be modeled equally well either by 

using a linear or exponential increase or an 

increase rate of between +1.5%/°C and +2%/°C 

and above 100°C can be modeled equally well 

by using an abrupt drop of either 2 or 4 orders of 

magnitude between 100°C and 105°C. In the 

context of this study, the term “equally” means 

that the computed lesion short diameter after 6 

minutes ablation differs by less than 3.5%.  

The temperature dependence of k can be ignored 

and hence a constant value can be used. 
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