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Motivation: Lung Morphogenesis

Morphogenesis:
Creation of Shape

Lung Branching:

= High Surface : Volume Ratio
= Surface of half a tennis court
= Highly stereotyped

How is this achieved in vivo?
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Domain Branching

Iber and Menshykau et al. Open Biol (2013)

Planar bifurcation

Metzger et al. Nature (2008)

Orthogonal bifurcation

<

Lucas D. Wittwer | 13.10.2016 | 2




Image-Based Simulations

* |Image-based Geometry
= Finite Elements with an ALE-approach

= Problem: Comilex deformation

Credit to Roberto Croce

Blanc et al. PLoS One (2012), Menshykau et al. Development (2014)

>{ Department of Biosystem Lucas D. Wittwer | 13.10.2016 | 3

{ D-BSSE
D
{ Science and Engineering



Image-Based Simulations: Mathematical Model

= Turing Patterns
= First described by Alan Turing, 1952
= Dynamic system with two “morphogens’

au_

E - f(u; 17)
dv B
%= g(u,v)

= Stable in the absence of diffusion
= Unstable in the presence of diffusion

= Describes stable patterns observable in nature
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Image-Based Simulations: Mathematical Model

Egs. to solve

= Receptor-ligand based Turing Models

R
— = AR+y(a — R+ R?L)
ot
at

oL
=dAL+y(b —R?L)

R
— = IANRA Hfi(ws R)+ R2L)

ot
oL 5 Growth
= = D AvHY il L) ) ]
dt U~ R -7
= Receptor R on the lung epithelium
= Ligand L in the mesenchyme
= Growth velocity field depends on R2L
U~RL -1
)( D-BSSE Menshykau et al. Development (2014)  Credit to Roberto Croce
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Mathematical Framework: Phase-Field

Egs. to solve

Problem: Complex deformation

Phase-Field = Scalar Field ¢

= Whole domain .
= Continuous

= Constant in the bulks os
= Differentiable and steep across the diffuse front k j

= Regular mesh on whole domain 0
>

= Controllable
D-BSSE % tlme

dR

5= AR +y(a —R + R?L)
L

E=dAL+y(b — R?L)

Growth

U~ R%L -7

= |nterface thickness ¢

= |nterface evolution through velocity field
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Mathematical Framework: Phase-Fields in COMSOL

Phase-Field Module

d¢
T4 3.Vd =
e tvVe=g
82
=\7-ﬁv(—v-gzv¢+(¢2—1)¢+76f
9 g2 o¢
_360‘
T8

Parameters
= Surface tension coefficient o
= |nterface thickness e
=  Mobility y
Drawback
= Curvature minimizing self-dynamics
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Level-Set Module

oo . .
E+U.V¢_f

f=y0g-(e =91 - d) )

Interface thickness e
Re-initialisation parameter y

Computationally more expensive

Egs. to solve

R
5= AR +y(a —R + R?L)

oL _ d AL +y(b — R?L)
ot 4
Growth

U~ R%L -7

Phase-Field Eq.

aop _
E-l—U'V(]b—f

f= Y79 (e~ o ~ P jre)
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Phase-Field with Reaction-Diffusion Mechanism and Growth

= R exists on the interface only Z;S- 10 solve
= Multiply with the Dirac delta function § = |V¢| 6 === BRUGR+VR@ R2B)+ RPL)

OR ¢a—L= B EL-«$Tb)+RAD — ySR>L
6¥=|7(6|7R)+y6(a—R+R2L) ot

Growth
= L exists in the mesenchyme only L
= Multiply with ¢ Phase-Field Eq.
= Interaction occurs only on the interface 9 Gve=r

Jt

oL _ w6
¢o- =DV - ($VL) + ¢yb —ySR’L =779 (=00 =Py,

= Growth in normal direction U~ R2L -§——

= And numerical stabilisation terms
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2D Results

Phase Field R2L Egs. to solve
aR
§—-=V" (8VR) +y5(a — R + R%L)
oL ,
EZDV - (VL) + ¢pyb — yO6R-L
Growth
Vo
U~ R%L - § ——
v V]

Phase-Field Eq.

d¢

—+v-Vp =
G Tvve=f y
f=yr¢-(e-¢(Q -7 s
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2D Results

Phase Field

R2L
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Egs. to solve

R
§—-=V-(8VR) +y(a =R +R%L)

aL
Ere DV -(¢VL) + ¢pyb — ySR?L

Growth
Vo
U~ R’L - § ——
v IZ
Phase-Field Eq.
oo .
E +v-Vp=f i
f=yWg-(e - (1 - )
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3D Results

Geometry Egs. to solve
OR
65 =V -(8VR) +y6(a — R + R%L)
oL
== DV -(¢VL) + ¢pyb —ySR2L
Growth
Ve
v~ R?L -6 —
v IZ
Phase-Field Eq.
ap _
E +v- V¢ = f i
f= V¢ (e~ ¢(1 — D pm
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3D Results
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Geometry bR R2L
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Egs. to solve

R
§—-=V-(8VR) +y8(a — R +R’L)

oL
¢ =DV - ($VL) +pyb — ySR’L

Growth
Vo
v~ R?L -6 —
v 23
Phase-Field Eq.
op B
E +v-Vp = f ]
f= 79 (e =0 ~ D) pr;
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3D Results

Geometry . R2L Egs. to solve

R
§—-=V-(8VR) +y8(a — R +R’L)

oL
=- =DV - (@VL) +¢vb — ySR?L

Growth

Phase-Field Eq.

aop _
E+U'V¢—f

f=y7o- (e~ o -~ P
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Summary & Conclusions

= Solving Reaction-Diffusion equations on diffuse boundaries with COMSOL is
possible

= Complex geometries and displacements can be handled

= Qutlook:

= Make use of adaptive mesh refinement

= Fine-tune parameters to get similar results as in the
ALE-implementation

= At the moment there is no secondary branching
= Grow the mesenchyme, too
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OR
5E= V. (5VR) +)/6(Cl —R +R2L)

oL
¢ =DV -($VL) + dyb — ySR’L

A o » ¥
Credit to Roberto Croce \

Blanc et al. PLoS One (2012), Menshykau et al. Development (2014)

N

Iber and Menshykau et al. Open Biol (2013)
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Phase-Field with Reaction-Diffusion Mechanism and Growth

= Equations
OR
E=AR+y(a—R+R2L) on I,
oL
Frin d AL + yb on ()
Dn -VL=—yR?L on I

= Phase-Field Approach

OR
§— =V-(8VR) +y6(a — R + x(¢)R%L) + D,V - (67 7t - VR)

dt
oL
qu:DV - (¢VL) + ¢pyb — ySRAL x(@) = {
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0

elsewhere.

Egs. to solve

R
§——=V-(8VR) +y5(a — R + R%L)

ot
oL
d’% =DV -(¢VL) + ¢pyb — ySR?L

Growth

Ve
D~R’L -6 ——
Vol

Phase-Field Eq.

aop _
E+v-l7¢—f

f= Y79 (e~ o ~ P jre)
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2D Results: Concentrations of R and L

Egs. to solve

|70
I—

R
§—-=V-(8VR) +y8(a — R +R’L)

oL
¢§ =DV -(¢VL) + ¢pyb — ySR?L

Growth
Vo
U~ R’L - § ——
v 7]
Phase-Field Eq.
oo B
E +v- V¢ = f ]
f= 79 (e =0 ~ D) pr;
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